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Abstract 


Given a non-trivial Borel measure fi on the unit circle T, the corresponding 
reproducing (or Christoffel-Darboux) kernels with one of the variables fixed at 
z = 1 constitute a family of so-called para-orthogonal polynomials, whose zeros 
belong to T. With a proper normalization they satisfy a three-term recurrence 
relation determined by two sequence of real coefficients, {c„} and {dn}, where 
{dn} is additionally a positive chain sequence. Coefficients [cn,dn) provide a 
parametrization of a family of measures related to /r by addition of a mass point 
at z = 1. 

In this paper we estimate the location of the extreme zeros (those closest 
to 2 = 1) of the para-orthogonal polynomials from the (cn, d„)-parametrization 
of the measure, and use this information to establish sufficient conditions for 
the existence of a gap in the support of /r at z = 1. These results are easily 
reformulated in order to find gaps in the support of /i at any other z G T. 

We provide also some examples showing that the bounds are tight and il¬ 
lustrating their computational applications. 

1 Introduction 

Orthogonal polynomials on the unit circle (in short, OPUC), also known as Szego 
polynomials, are one of the most beautiful objects in Classical Analysis, with deep 
connections and applications in many areas of Mathematics and Engineering. Their 
systematic study, started by Szego [29] and Geronimus [T5|, has experimented re¬ 
cently an important burst of activity, stimulated in part by their relation with the 
spectral theory |2ll I26| . 

Given a nontrivial probability measure /x on the unit circle T :={(■ = e*®: 0 < 
6 < 27r} the associated orthonormal OPUG ^Pniz) = + lower degree terms are 

defined by deg ipn = n, Kn > 0 and 
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where 6nm stands for the Kronecker delta. Among their fundamental properties is 
that all their zeros belong to the open unit disk B := {z E C : \z\ < 1}, and that 
they satisfy the Szego recurrence, 


^n{z) = Z^n-liz) - an-l^n-l{z), n > 1, 


( 1 . 1 ) 


given here in terms of the monic OPUC ^n{z) = ipn{z)jKn, n > 0. The coefficients 
an-i = —<l>n(0) are the Verblunsky coefficients, and = z^^n{^/z). It is well 

known that \an\ < 1, n > 0, and that {an}^^Q C B°° -H- {fi} is a bijection between 
the set of Verblunsky coefficients and positive Borel measures on T (see e.g. |24j . 
as well as [IS])- Establishing the correspondence —(resp., •(—) is the direct (resp., 
inverse) spectral problem. In particular, recovering the support of the associated 
measure from the sequence of Verblunsky coefficients is an important part of the 
direct spectral problem. 

In the classical situation of orthogonal polynomials on the real line, their zeros 
are strongly correlated with the support of the measure of orthogonality: they all 
belong to the convex hull of this support, and each polynomial has at most one 
zero in each gap of the support. This is not the case of the OPUC: the behavior 
of their zeros in B can be very complicated, even for the simplest weights, see 
e.g. [221 [23|. Looking for sequences of polynomials related to ^ and with zeros on 
T, Jones, Njastad and Thron m introduced the para-orthogonal polynomials on 
the unit circle (in short, POPUC): they are, up to normalization, polynomials of 
the form ^n{z) — Tn<h*(z), where |r„| = 1. The dehnition z^n-iiz) — fn-i^n_i{z), 
where = 1, is also used and is equivalent, since 


^n{z) - Tn^niz) = (1 + T„an-l) 


a. f + Ctn—l . 

Z^n-l{z) - —- 

1 + TnUn-l 


and 


Li| — 1 


Tn T Q^n—1 
1 T TnOin—l 


= 1 . 


By (II.ip . a POPUC of degree n can be constructed from the set {<I>j}”^Q of OPUC, 
or equivalently from the set of Verblunsky coefficients {ajljUg, by forcing the last 
coefficient ccn-i in dni) to be on T. For further information on POPUC see laisi 
m uni [261 [31] and the references therein. 

Zeros of all POPUC he on the unit circle T. In fact, Geronimus HU (see also 
m) gave a general construction of rational functions whose denominators are an 
arbitrary sequence of POPUC, and such that they converge to the Caratheodory 
function f^{z + C)(^ — C)~^dp,{C) in B (and by symmetry, also in the complement to 
B). For an arbitrary sequence of POPUC not much else can be said. 

In the case when // is not supported on the whole T, we would like to choose the 
sequence of POPUC whose zeros are consistent with the supp(/r). Ideally, one needs 
to assure that the set of attracting points (strong limit points in the terminology 
of [U) of the zeros of the sequence of para-orthogonal polynomials coincides with 
the support of the measure. This would allow one to characterize this support in 
terms of the asymptotic distribution of such zeros. This problem was essentially 
solved in the work of Cantero, Moral and Velazquez |U, where they put forward a 
rather general construction of the sequence of POPUC with such a property, using 
the connection with the spectral theory of the (unitary) truncated CMV matrices. 
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As it was already observed by Golinskii m. a particular instance of the polyno¬ 
mials considered in [1] is closely related to the reproducing (also Christoffel-Darboux 
or CD) kernel associated to fj,. Recall that the CD kernel is 

n 

Kn{w,z) :='^^Pj{w)ifj{z) , n > 0, (1.2) 

j=0 

and the well-known Christoffel-Darboux formula (see, for example, [241 Thm. 2.2.7]) 
says that for z w, 


Kn{w,z) 


iPn+l{w) ipn+l{z) - ^n+ljw) <+i(^) 

w z — 1 

WZ(pn{vj) (pn{z) - (p^{z) 


(1.3) 


It shows that if we hx tc G T, then up to a normalization factor, (w z — l)Kn{z, w) 
is a POPUC of degree n -|- 1: 

{w z - l)Kniz, w) = const (4>„+i(2;) - Tn+i(r(;) ^^.^^(z)) 

= const {z(tn{z) - WTn{w) (z)) , 


with 





G T. 


(1.5) 


These polynomials have an additional feature: they satisfy a bona hde three-term 
recurrence relation (see [TJ Thm. 2.1]). A deeper analysis of sequences of para- 
orthogonal polynomials satisfying three term recurrence relations was carried out in 

12 ]. 

In what follows, without loss of generality we will assume w = 1, and write 
Tn instead of Tn(l). When the freedom in the selection of the parameter w will be 
relevant, it will be explicitly discussed. 

Paper [7] also contained a convenient “symmetrization” of the polynomials 
Kn{l,z)', it was shown there that the appropriately normalized Ar„(l,z), that we 
denote by Rn (see the precise definition in Section [2]) satisfy a three term recurrence 
formula of the form 


Rn+l{z) = [{l+iCn+l)z + {l-iCn+l)]Rniz) - 4 .dn+lzRn-l{z), n > 0 , (1.6) 

with R-i{z) = 0 and Ro{z) = 1. This can be considered as a generalization of the 
results found in Delsarte and Genin Pllo]. 

Sequences {cn}^=i and are both real, and {dn+i}^=i has an addi¬ 

tional useful feature: it is a positive chain sequence. In other words, there exists a 
sequence {gn\n>i with 0 < (71 < 1 and 0 < < 1 for n > 2 , called a parameter 

sequence for {dn+i}^=i, such that 

dn+l — (1 i7n)3n+lj 71 ^ 1. (f.'^) 

We can have either a unique or an infinite number of parameter sequences corre¬ 
sponding to a given positive chain sequence. The value <71 = 0 used in (11.71) gives 
us the minimal parameter sequence for {dn+i}^=i. The largest value Mi that gi 
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can assume such that the sequences {gn}n>i calculated from (|1.7p is still a param¬ 
eter sequences, gives rise to the maximal parameter sequence {Mn\n>i- Thus, the 
parameter sequence for {dn+i}'^=i is unique if and only if Mi = 0; otherwise any 
value of 0 < g'l < Mi generates a parameter sequence, and we say that {dn+i}'^=i 
is a non single parameter (or non SP) positive chain sequence. 

This notion makes sense also for finite sequences {dn+i}n=i^ in which case 0 < 
gi < 1, 0 < gn < ^ for 2 < n < N + 1 and we speak about finite positive chain 
sequences, see [20] , 

The theory of chain sequences was introduced by Wall m, and the special ver¬ 
sion of positive chain sequences has been thoroughly explored by Chihara and many 
others for studying the properties of orthogonal polynomials defined on bounded 
intervals of the real line. For many of the basic properties about positive chain 
sequences we refer to Chihara [6]. 

Sequences {cn}^i and {d,i+i}5^i can be easily calculated from the Verblunsky 
coefficients of the corresponding measure /r on T (and viceversa), providing an al¬ 
ternative parametrization of a family of measures related to g by mass addition at 
z = 1, see mum and Section [2] for further details. 

The zeros of Rn, generated by (II.6p . have a strong resemblance with zeros of 
orthogonal polynomials on the real line: they belong to T, are simple and interlace. 

In other words, if we denote the zeros of Rn by Znj = , j = 1, 2,... , re, then 

(see e.g. m) we can number them in such a way that 

0 < ^n-|-l,l ^ ^n,l ^ (^n+1,2 < ‘ ‘ ‘ ^ ^n+l,n+l ^ ^TT, re ^ 1. (f-^) 

This property and the three terms recurrence relation (jl.Op are an additional 
tool, missing for more general families of POPUC, that allows us to establish more 
precise results about the support of the orthogonality measure g in terms of the 
zeros of {Rn}^=o- In particular, we study the extremal zeros Zng and Zn^n and 
their asymptotic behavior, establishing bounds for the support of g in terms of 
the sequences {cn}^=i and {dn+i}^=i (and indirectly, in terms of the Verblunsky 
coefficients). Considering para-orthogonal polynomials obtained from the rotated 
measures we also get information about bounds for any gap within the support of 
the original measure. 

Definition 1.1. A positive sequence (finite or infinite) is called a scaling 

sequence for the positive chain sequence {dn+i}n=i if Qn+i < 1 for 1 < re < V and 
{dn+i/qn+i}n=i is also a positive chain sequence. 

Obviously, with qn+i = 1 for re = 1,...,A^, is a (trivial) scaling 

sequence for any positive chain sequence. 

For convenience, we introduce here some additional notation used throughout 
this manuscript. Open and closed arcs on the unit circle are denoted by 

= {e*® : ^i<e <^ 2 } and A['&i,^ 2 ] = {e*® : < 6 < ^ 2 ]. (1-9) 

for 0 < '!92 — "di < 27r, respectively. Additionally, for a,b gU. and q £ [0,1] we denote 
by (a, b, q) < (a, b, q) the roots of the quadratic equation 

P{u) := (1 — q)u^ — (a -|- b)u + ab — q = t). (ITO) 

It is straightforward to check that for q £ [0,1) these roots are real and finite; for 
<7 = I we assume u^^\a, b, q) = ±00 when ziz{a + b) >0. 
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The main results are presented in Sections 0] and [5l One of them can be stated 
as follows: 

Theorem 1.1. Let ^ be a nontrivial probability Borel measure on T, being {cn}, 
{dn+i} the coefficients of the corresponding recurrence relation (11.61) . Given a scaling 
sequence {g„+i} for {dn+i}, we define 


= U^^\cn,Cn+l,qn+l), 


n > 1. 


( 1 . 11 ) 


If 


then 


0 <'di := 2arccot < '&2 ■= 2arccot ^inf 


< 27r, 


supp(/x - /x({l})(^i) C A['di,'d 2 ]- 
Here, (5i is the Dirac delta at z = 1. 

Remark 1.1. It will become clearer later, the smaller the scaling sequence qn+i is, 
the smaller the size of the arc A[d\,'d 2 \] the trivial choice qn+i = 1 gives the worst 
estimate for supp(/r). 

In the next section it will be shown that the coefficients of (II.6p can be obtained 
directly from the Verblunsky coefficients {an} of /r. Thus, the theorem above gives 
indirectly a bound for supp p. in terms of the On’s. It can be seen also as a statement 
about the gap in supp(//) around z = 1. More generally, we can locate a gap using 
a construction starting from the of a nontrivial positive measure p on T. 

Namely, for a parameter 0 < -d < 27r, let the sequence be given recursively 

by 




w 


A) _ P'S ^ 


and Tffi’ = e*” r. 


n-l (i9) 

1 - T^-ian-1 


n > 1. 


Having we define and {4+i}“=i by 


1 - Re(T,^’^\Q;n-i) ^ “ Re(T,^l\an-i)] 


M) 


n > 1, 


and let 


4+1 = (1 - 9^n^)9iS. 


n+l ■ 


Finally, for x € [—1,1] we set 


.W - 


‘^n+l 


(x) = 


-'■n+l 


(x - c^fVl - x^) (x - 4+1 Vl - x'^) 


Theorem 1.2. Let {an}A=o Verblunsky coefficients for a nontrivial positive 

measure p on the unit circle, and let 0 < 'd 2 — di < In (with ^2 > 0)- With the 
definitions introduced above, set 






1 -m, 


71—1 


n > 1, 


5 











with 


x{'di,'&2) ■= cos ((27r + - 'i?2)/2). 


Then 


if and only if 


supp n A{'di ,'& 2 ) = 0 


cot ((27r + -!?! — i?2)/2) < and 0 < <1, n > 1. 


The paper is organized as follows. Sections [2] and [3] are a brief summary of main 
results from in, IS], m and m, necessary for a better understanding of the rest of 
the mannscript. Section 0] describes a simple techniques for finding bonnds for the 
extreme zeros of the polynomials Rn from the coefficients {cn} and {dn+i}-, while 
Section [5] relates these bounds with the support of the measure. Section [6] contains 
some further results on scaling sequences, used in the construction of Example 3 in 
Section [7l Examples 1 and 2 from Section [7] illustrate with explicit formulas the 
tightness of the bounds obtained in this paper. 


2 CD kernel POPUC and positive chain sequences 


In this section we gather some of the main results from [7|, providing a necessary 
background for the rest of the paper. 

The CD kernel Kn{w,z) of a non-trivial probability measure /r on T was intro¬ 
duced in ()1.2I) . Eor tc € T fixed, this is a polynomial of degree n -|- 1 in z, which can 
be renormalized monic by defining 

o ,.^ Kn{w, Z) _ Z^niz) - WTn{w)^l{z) ^ ^ ^ 

n,\ 'du^ Zj > — — 5 fo W^ 

^n+liw) ^ +'rn+l{w)an Z-W 

where {an}n>o are the Verblunsky coefficients for /r, and Tn{w) is given by (11.51) . 

In what follows we fix re = 1, and set Rq{z) = 1, 


Rn{z) 



1 Tj-iaj-i 
1 - Re(rj_iaj_i) 


-Pn(l; z), 


n > 1, 


( 2 . 1 ) 


with Tj = Tj(l), j > 0. It is important to notice that if we know the Verblunsky 
coefficients for r^’s can be easily computed recursively by 


Tn 


'^n—1 1 

1 '^n—l^n—1 


n > 1, 


( 2 . 2 ) 


starting with tq = 1. 

It tnrns out that the sequence of polynomials {Rn}n>o in (|2.ip satisfies the three 
term recurrence formula (II.6p . The coefficients Cn are explicitly given in terms of 
an’s by 




-lm(rn-ian-i) 

1 - Re(rn_ian-i) 


n > 1. 


(2.3) 


It was mentioned also that {dn+i}'^=i is a positive chain sequence: it satisfies (11.71) 
with the parameter sequence {gn}ff=i, 


1 1 rVi—iCTn—1 

9n = 77 "pj 77~7 TV; 71 > 1. 

2 [1 - Re(T„_ian-i)J 


(2.4) 
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Polynomials n > 1 satisfy 


[ C-"+'i?n(C)(l - OdfiiC) =0, 0 < i < n - 1. 

JT 

Observe that this relation remains unaltered by an addition to /r of a Dirac measure 
(or mass point) at C = 1 (so-called Uvarov transformation). This fact induces us to 
expect that {Rn{z)}'^^Q are invariant under such a transformation. This is the case 
indeed. Assume that /i({l}) = a G [0,1); then 

/i(t;-) = Y-+ T— -di, t€[0,l), (2.5) 

1 — a 1 — a 


is a nontrivial positive probability Borel measure on T such that //(t; {!}) = t. Let us 
denote by {<f'n(i; '2)}^o corresponding monic OPUC and Verbhm- 

sky coefficents for the measure /r(t;.); obviously, they depend on the parameter t. 

A remarkable fact, hrst observed in [7], is that the sequence of polynomials 
{Rn{z)}ffLQ (and thus, {Pn(l;'^)}^o)> ^he sequences of constants 
{cn}ff=i and do not depend on t and are exactly the same for all mea¬ 

sures {//(t; ■), 0 < t < 1}. This is not the case however of the parameter sequence 
Qn, dehned in (|2.4p : if 


dn+i = (1 - 9^n 


1 h W |2 

2 1 - Re(T„_iQ;^*l J 


n > 1, 


then the sequence {gn+i}^=o = does depend on the value of t. Thus, 

each t represents a different parameter sequence of the positive chain 
sequence {dn+il^i, which is necessarily non SP. It is easy to show that 

1 h W|2 

it) ^ 1 |l-«o I 

^ [l - Re(a[)^))] 

is decreasing in t, so that = {M„+i}()Tq is the maximal parameter se¬ 

quence of {dn+i}'^=i. 

The polynomials Rn satisfy the orthogonality relation 


[ c-"+^R4C)(i-C)d/i(t;C) 

Jt 


0, 0 < j < n — 1, 

(t) 

7n , J=n, 


( 2 . 6 ) 


with 


n—1 


= (1 - Tna^n) JJ 


{^-TkOif){l - lOfc^P) 


k=0 


1 - 


Re(rfcQ:^*^) 


2(1 — t)Mi ^idk+i 


1 1 + ick+i 


Sequences {cn}^=i and {dn+i}ff=i give a parametrization of the family 
{/i(t; •), 0 < t < 1}, in the same vein as {an}n>o parametrize /r. For convenience, 
we call it the (c„, dn)-parametrization of this family of measures. This result can be 
seen also as a unit circle analogue of the classical Favard theorem on M (see [S] ). In¬ 
deed, from the results established in [5] and [7], if is any real sequence, and 

{dn+i}'^=i is a non SP positive chain sequence, then for each t G [0,1] there exists 


7 











a unique positive probability Borel measure /r(t; •) on T and the corresponding se¬ 
quence of its Verblunsky coefficients {an^}n>o such that c^’s and dn’s are calculated 
from them by formulas (j2..Sp and (12.4p . and {!}) = t. Furthermore, if we denote 
by {Mn}^=i the maximal parameter sequence of and by {rn'n}^=Q the 

minimal parameter sequence of the positive chain sequence augmented by 

the term di = (1 — t)Mi, then 


a 


it) 

n—1 


1 1 - 2mn^ -iCn 

-^^-, n>l, 

'^n—1 1 


(2.7) 


where the sequence {rnj^o calculated by (12.21) and satishes 

1 1 - *Cn 

To = 1, Tn = rn-1——. -, n > 1. 

1 -h ICn 

One of the consequences of the result established in [H Corollary 4.19] (see also 
the proof of Theorem 4.1 in [5]) is the following theorem: 

Theorem 2.1. If for some 0 < < 'd 2 < 27r and for all sufficiently large n, the 

zeros of Rn belong to the open arc A{di,'d 2 ), then for allD <t <1, 


supp//(f; •) (d .4.(0, di) = supp/i(f; •) (d A{'d 2 , 2vr) = 


( 2 . 8 ) 


In particular, for the extreme zeros and of R^, we have 

that if 

di := lim 6n,i, and ^2 := lim 6n,n, 


then ()2.8p holds, and 

g supp fift]-). 

Remark 2.1. Because of the interlacing of the zeros of Rn, n > 1, “all sufficiently 
large n” in Theorem 12.11 is also equivalent to saying “all n”. 

Our next goal will be to obtaining bounds for the extreme zeros Znp and Zn^n 
directly from the sequences {cn} and {d„+i}. 


3 Delsarte-Genin transformation 

It is much more convenient to study the zeros of {Rn} by their transplantation to 
the real line by means of the functions {W^} defined by 

Wn{x) = 2-^e-^^^/^Rn{A^), n>0, (3.1) 

where x = cos(d/2). The transformation x = cos(0/2) = (e*®/^ + e“*®/^)/2, is 
known as the Delsarte-Genin transformation (see [32], where the abbreviation DG 
transformation is also used). 

The sequence of functions satisfies (see [Tl [TT]i 

>Vn+l(x) = - Cn+lVl - x'^^ Wn{x) - dn+1 >Vn_l(x), n > 0, (3.2) 

with yV’_i(x) = 0 and VV’o(a;) = 1. Functions Wn bear a resemblance to standard 
orthogonal polynomials on the real line. For instance, for any n > 1, Wn has 






exactly n distinct zeros Xn,j = cos(0rij/2), j = l,2...,n, all in (—1,1). Another 
consequence of the three term recurrence formula (13.2p is the interlacing property 

1 Xn+l,n+l ^ ^n,n ^n+l,n < ' ' ' < ^n+1,1 "^1) ^ ^ Ij (^•^) 

for the zeros of >V„ and Wn+i (fact that was used in [TT] to prove the interlacing 
property (II. Sp for the zeros of Rn and Rn+i on T). 

In [1], the function Wn is considered as belonging to the simple field extension 
of the field of polynomials, generated by the adjunction of \/\ — . More precisely, 

if represents the polynomials of degree < n, we consider the linear space of real 
functions n > 0, given by flo = IPo and 

= {bW(x) + ^J\-x’^B^^\{x) : e and Bf{-x) = (-1)’^Bi^\x)^ . 

Observe that if 7^ G ^n -2 then R G flnj although R ^ f2„_i. 

Moreover (see m and also [H Lemma 2.1]), if Rn G then the polynomial Qn 
defined by = Rn (cos(0/2)), G M, is self-reciprocal or conjugate 

reciprocal (see m ): it satisfies Qn(^) = = Quiz)- Notice that the 

polynomials Rn, given by (|3.ip . share the same property. 

With respect to the zeros of Rn G we know the following (see [U Thm. 2.2]): 

• If 7>i(l) 7^ 0, then the number of zeros of Rn in (—1,1) can not exceed n. 

• If 7>i(l) = 0, then 7^„(—1) = 0 and the number of zeros of Rn in [—1,1] can 
not exceed n + 1. 


The straightforward identity 

e-ie/ 2 ^^ie _ ^ _ cot(0j/2)v'l-x2], x = cos(0/2), 

yields also the following factorization for Rn G il-n- 

Lemma 3.1. Let Rn G 0,n- With 1 < r < n, let Xj = cos(0j/2), j = 1, 2,... , r, be 
zeros of Rn in (—1,1). Then 


^n{x) = Qn-r{x) 

i=i 

where Gn-r G Lln-r and ftj = cot(0j/2), j = 1, 2 ..., r. 
From this, we have in particular for the functions Wn, 

[l-Tj-iaj-i]{l-Zn,j) 




, n > 1, 


where (dnj = cot{9n,j/2) and Znj = , j = 1, 2,... , re. 

A direct consequence of (12.61) is the following orthogonality relation for {Wnlj^TQ: 


J {x + iy/ 1 — x^) ^~^^~^‘^^Wn{x) dip{x) 


0 , 


0 < j < re — 1, 


i2 ^ j = re. 
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where d'ljj^x) = —Vl — which in turn yields (see [U Theorem 4.1 

and Corollary 4.1.3]) that n, m = 0,1, 2,... , 


'-1 


yV2nix) W 2 m{x) a/1 - d'4){x) = X2n dn,m, 


yV2n+l{x) >V2m+l(a;) \/l - x2 dlf^ix) = X2n+1 dn,m, 


1-1 


yV2n(x) W2m+l{x) d'll){x) = 0 , 


where 


'-1 


1 


Xo = 7 t[ 1 - R'e(ao)] and Xn = dn+i 


1 + d 


1 + c„+i 

We can also express (|3.4p by (see [H Corollary 4.1.1]) 


Xn-i, n > 1. 


(3.4) 


J T{x)Wn{x) dili{x) = 0 whenever T" G n„_i. (3.5) 

The following result, related to Theorem 12.11 illustrates the advantage of working 
with the sequence >Vn (and thus, ii„): 


Theorem 3.1. Let ^ be a nontrivial positive measure on T, with Rn and Wn given 
by (12. ip and (|3.ip . respectively. Assume 0 < di < 1)2 < 27r. Then with the notation 

(HHI).- 

a) If supp fi (1 A{0,'di) = 0 then the function Wn does not have any zeros in the 
interval [cos(??i/2), 1] and, equivalently, the polynomial Rn does not vanish on 
the closed arc .4,(0, ??i]. 


b) If supp fi Cl A{d 2 , 211 ) = 0 then the function Wn does not have any zeros in the 
interval [—1, cos(?92/2)] and, equivalently, the polynomial Rn does not vanish 
on the closed arc A{d 2 , 2 TT\. 


c) //supp/r n ^.('di, ??2) = 0 then the function Wn has at most one zero in the 
interval [cos{d2/2),cos{di/2)] and, equivalently, the polynomial Rn has utmost 
one zero in the closed arc A[di,d2]. 

Proof. If 4.(0, i?i) is a gap in the support of fv then the support of if, where dijj{x) = 
— Vl — x'^ stays within the interval [—1, cos('di/2)]. Suppose that Wn 

has the zero y = cos(??/2) in [cos(?9i/2), 1]. By Lemma [3Tl 

Wn{x) = {x- /3a/ 1 - x2) Qn-lix), 
where Qn-i S and /3 = cot(i?/2). Hence, by (13.5p . 

L = y' {Gn-l{x)f‘{x - l3 -\/1 - x2) d'llj{x) = J gn-l{x)Wnix)d'llj{x) =0. 

On the other hand, since the support of stays within the interval [—1, cos('di/2)] 
and since (x — I3\/1 — x^) < 0 in [—1, cos(i?i/2)), one must have 

^cos('!?i/2) _ 

/ = y (^„_i(x))^(x - / 3 \/l - x'^)dip{x) < 0 . 
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That is, the existence of a zero of Wn in [cos('(9i/2), 1] leads to a contradiction. This 
proves a)] the proof of is similar. 

Now we turn to the statement c). If A{'di,^ 2 ) is a gap in supp/r, then the 
support of 'll) stays outside of the subinterval (cos('d 2 / 2 ), cos('i9i/2)). Suppose that 
yi = cos(? 9(^V2) and y 2 = cos{'d^‘^^/2) are zeros of Wn in [cos(?92/2), cos(7?i/2)]. By 
Lemma EU 

>V„(x) = (x- /3i\/l - x2)(x - /32\/1 - x‘^)gn- 2 {x), 

where Gn-2 £ Gln-2, Pi = cot(7?(^)/2) and P2 = cot(7?(^)/2). Since Vl — x‘^Gn-2{x) G 
fin-i we have by (j3.5l) 

L = y iGn- 2 ix))^(x - /3i\/l - x'^){x - /32a/1 - x2)a/i - x^ di/iix) = 0. 

On the other hand, since [x — Pi^/l — x2)(x-/32\/i' — >0 outside the subinterval 

[cos(? 92/2),cos(??i/2)], one must have 

j■cos{'^2/2) _ _ _ 

L = y {Gn-i{x)f‘{x - Pi\/lP^){x - P 2 VW^)yW^ dii{x) 

+ f {Gn-l{x))‘^ {x - - X^)(x - /32'\/1 - x2)\/l - x"^ d'G{x) > 0. 

Jcos('i?i/2) 

That is, the existence of more than one zero of Wn in [cos('d2/2), cos('i9i/2)] leads to 
a contradiction. □ 

Remark 3.1. Statement c) of Theorem 13.II was previously established in [3] and m. 
by different techniques. 


4 Extreme zeros from the (c^, (i^)-parametrization 


We hrst look at the information about the zeros of Wn and Rn that can be extracted 
from the coefficients {cn}'^=i and of the recurrence formula (13.2p . We are 

particularly interested in the smallest, Xn,n-, and the largest, Xn,i, zero of Wn, see 
(j3.3p . The following bounds were already established in [TT] : 

• if Cfc > 0 for 1 < fe < n and Cn = min Ck, then- , < Xn n', 

Wk<n y/l + ci 

• if cr < 0 for 1 < A; < n and Cn = max cr, then i < — , . 

Wk<n ’ 

Observe that these bounds depend only on the sequence {cn}; the following 
results extend and improve them by taking into account also the chain sequence 
{dn+i}- Given these two sequences, we define for x G [—1,1] 


I^n+l (^) 



dn+1 
x2)(x — 


Cn+lVl - x2) 


(4.1) 


Theorem 4.1. Let Wn be given by the three term recurrence formula (1321), where 
{cn}^^i is a real sequence and is a positive chain sequence. Then, for 

N >2, the zeros ofWn, 1 < n < N, all belong to {A, B) C (—1,1) if, and only if. 
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0 / , < Cl < , „ , 

Vl-A^ 

b) {c)„+i(x)}^^ is a finite positive chain sequence for x = A and x = B. 

Proof. Observe that A — ciVl — A^ < 0 and t)„+i(^) > 0, n > 1, imply that 
A — CnVl — A^ < 0, n = 1,2,N. In the same vein, B — ciVl — B"^ > 0 and 
dn+iiB) > 0, n > 1, imply B — Cn^/l — B"^ > Q, n = 1,2, ... ,N. Thus, condition a) 
in fact means that 


A 




Vl - A^ 

Furthermore, from (j3.2p that Wn £ C^(—1,1), 

>Vn+i(x) >V„_i(x) _ 

T dji-t-i / N — ^ Cji-|_i 


Wnix) 


Wn(x) 


\/r^ 


(4.2) 


and 


>Vn(x) 

(x - CnVl - X^)Wn-l(x) 



n’n+lix) 


Cn+lVl - X^)Wn(x) 


dn+l(x). 


(4.3) 


for n > 1. Using that >Vi(l)/Wo(l) = 1 and that {dn+i}))^i is a positive chain 
sequence, it follows that (—1)"'“^ >Vn-i(—1) = Wn-i(l) > 0, n > 1. 

We prove the theorem for the left bound A. Assume that the zeros of Wat are 
all greater than A. Then, by the interlacing property (13.31) . yV’n(A)/W’n-i(A) < 0, 
1 < n < A". Hence, from >Vi(A) = A — ciVl — and from (j4.2p . A — CnVl — < 

0, 1 < n < A, establishing the lower bound for Cn in a). 

Now, since W’n(A)/[(A — CnVl — A2)>Vn-i(A)] > 0 for 1 < n < A and 


hn+l (A) 


dn-t-1 

(A - CnVl - A^)(A - Cn+lVl - A2) 


> 0 , 


1 < n < A - 1, 


from ()4.3p we have 


W„+i(A)/[(A - Cn+iVl - A2)Wn(A)] <1 for 1 < n < A - 1. 

An immediate consequence of (14.3p is that {D„+i(A)}^Tj^’^ is a finite positive 
chain sequence. Thus, part bj of the theorem holds for the point A. Notice that 
{1 - W„+i(A)/[(A - Cn+lVT^)}Vn(A)]}^Jo' is the minimal parameter sequence 
for {£)„+! (A) }^r/. 

Now we prove the reciprocal statement, again at the point A, assuming that 
both aj and b), for x = A, hold. 

By the assumption a), VVi(A) = A — ciVl — A^ < 0 (which means A < xiq) 
and A — Cn+iVl — A^ < 0 for n = 1, 2,... , A — 1. Using b) we have that 


1 - 


Wn+l(A) 

(A - c„+iv'W^)W„(A) 


N-1 

n=0 


is the minimal parameter sequence of the finite positive chain sequence {t)ri+i(A)}^^/. 
Hence, 


Wn+i(A) 

{A - Cn+lVl^)Wn{A) 


< 1 , 


n = 1,2,...,A-1. 
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From this, (—1)" VV’n(^) >0, n = 1,2,..., A^. 

From the interlacing property (I3.3p for the zeros Xn,j-, j = of Wn 

observe that {—iyWn{xn-i,j) > 0 for j = 1,2, ...,n — 1 and n > 2. Hence, in 
particular, 

<0, n>2. 

Now the inequality A < X]\f,N easily follows by induction. 

This completes the proof of the theorem with respect to the point A] the proof 
for the point B is similar. □ 

With further restrictions on the coefficients Cn, n > 1, we get the following 
corollary of Theorem 14.11 

Corollary 4.2. Let Wn he given by the three term recurrence formula (|3.2p . where 
the sequences {cn}^i and {dn+i}^=i satisfy the conditions of Theorem \4. 1\ for some 
even N > 2. Assume that there exist C and D, A < C < D < B, such that for 
I G {0,1} the elements of the sequence {cn}^i also satisfy the additional property 

Vl - A2 ^ ^ Vl -<^2 ^ Vl ^ ^2n-l+£ < _ ^2 ’ ^ ^ 

for 1 < n < N/2. 

Then the zeros ofWn, 1 < n < N, stay within {A,C) U {D,B). 

Proof. From Theorem 14.11 the zeros of Wn, 1 < n < N are all inside {A,B). Since 
Wi{x) = X — ciVl — a;2, from (14.41) . 

{-lY+^Wi{C) > 0 and {-1Y+^Wi{D) > 0. 

Thus, the single zero of Wi stays within {A, C) U {D, B). 

Since 


(- 1 )^[C-C 2 v' 1 -C 2 ] >0 and {-lf[D-C 2 ^l-D‘^] > 0, 
we now obtain from ()3.2p that 

{-iYW2{C) = (-1)"[C - C2vrc^]{-iy+^wi{c) - (-1)1^2 > 0, 
i-iyW 2 {D) = i-lY[C - C2VI - Dy{-lY+^Wi{D) - {-lYd 2 > 0 . 

Thus, together with the fact that the zeros of Wi and IT 2 interlace, we conclude 
that the zeros of W 2 stay within {A, C) U {D, B). 

We continue the proof by induction. Suppose that for a A: > 1 the zeros of W 2 k-i 
and W 2 k stay within {A, C) U [D, B) and that 

{-iY^^W2k-i{c) > 0 , {-iY^'^W2k-i{D) > 0 

and 

{-iYw2k{c) > 0 , {-iYw2k{D) > 0 . 

Since 

(-l/+i(C'-C2fc+i\/l-C2) >0 and {-IY^\D - C 2 k+Wl - D^) > Q, 
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we obtain from 


(_l)m+1^2fc+l(C') = (- 1 )^+^+! [{C - C2k+lVl^)W2k{C) - d2k+lW2k-l{C)] , 
{-lf+k+^W2k+l{D) = (- 1 )^+^+! [{D - C2k+lVl^^)W2k{D) - d2k+lW2k-l{D)] , 
that 

(_l)m+i^2fc+i(C) > 0 and {-lY+^+^W 2 k+i{D) > 0. 

Thus, from the interlacing of the zeros, the zeros of W 2 k+i stay within (A, C)D{D, B) 
also. Now, continuing with 

(-1 /(C-C 2 a,+ 2 v' 1 -C 2) >0 and (-l/(Z) - C2fc+2 Vl - ^2) > q. 


we obtain from 

(_l)fc+1^2fc+2(C) = (-1)2^+^+! [(C - C2fc+2v/r^)fT2fc+l(C') - d2k+2W2k{C)\ , 
{-lY+^W2k+2{D) = (- 1 ) 2 ^+! [{D - C2k+2Vl^^)W2k+l{D) - d2k+2W2k{D)] , 
that 

(-l)^+ilT2fc+2(C') > 0 and {-lY+^W 2 k+ 2 {D) > 0. 

From this the zeros of TT2fc+2 also stay within {A,C) U Thus, the proof 

follows by induction. □ 

We now apply Theorem 14.11 to find good bounds for the extreme zeros of Wat, 
or equivalently, for the extreme zeros of i ?at on T. With this purpose we formulate 
first the following lemma: 


Lemma 4.1. Let a,b G W, 0 < q < 1, and 

h{x] a, b) = (^x — a \/1 — (^x — bs /1 — , xe[— 1,1]. 

Then, the inequality /i(x; a,b) > q holds for 


X S 


- 1 , 


u 


(-) 




u 


/.(+) 


a/1 + ( u (+))2 


,1 


(4.5) 


(4.6) 


where = u^^\a,b,q) are the zeros of the polynomial (ll.lOp . as discussed in 
SectionUi 

Remark 4.1. Recall that for q S [0,1), are real and finite, while for (7 = 1 we 
assumed (a, b, q) = ±00 when ±(a + 6) >0. For instance, if a + 6 > 0, then 


u 


(-) 


ab — 1 
a + 6 ’ 




= +00. 


so the set (j4.6p is reduced to the single, leftmost interval. Similar analysis is valid 
for a + 6 < 0. 


Proof. Observe that /i(±l;a,6) = 1, so the endpoints of [—1,1] are always in the 
solution set of the inequality h{x\a,b) > q. Consider now x G (—1,1), and make in 
h the change of variables x = cos(0/2), 6 G (0, 27r): 

/i(cos 0/2; o, b) = sin2 (0/2) (cot (0/2) — a) (cot (0/2) — b). 
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Hence, using the basic identity sin^ + cos^ = 1 we conclude that the inequality 
/i(cos 0/2; a,b) > q is equivalent to 


( cot (0/2) — a){ cot (0/2) — 6) > (? (cot^ (0/2) + l) • 


This is a quadratic inequality in n = cot(0/2): {u — a){u — b) > q{u^ + 1), that is, 
P{u) > 0, where P is the polynomial defined in (|1.10l) . Notice that the discriminant 
D{q, o, b) = {a+b)'^ — A{l — q){ab—q) is a quadratic polynomial in q with the negative 
leading coefficient, and both D{0,a,b) > 0 and D{l,a,b) > 0, so that D{q,a,b) > 0 
for all 0 < <7 < 1. 

Since the leading coefficient of P is positive, we conclude that P{u) > 0 when 
either u < or u > , where . It remains to use the monotonicity 

of cos(0/2) and the identity 

u 


to hnish the proof. 


□ 


Theorem 4.3. Let N > 2 and let {<?n+i}^=/ be a finite scaling sequence for the 
chain sequence {dn+i}n=i ; see Definition \l.l\ Set 


An 


min 

2<n<N 



Bn 


max 

2<n<N 



(4.7) 


where were defined in (II.lip . 

Then the zeros of Wn He. in {An, Bn) and consequently, the zeros of Rn lie 
within the open arc .A(2 arccos(i?Ar), 2 arccos(HAr)). 

Proof. Given a finite positive chain sequence the comparison test [6l 

Theorem 5.7] assures that if 

0 <dn+i{x) < dn+i, n = 1,2,... ,iV-1, (4.8) 

then {c)n+i(x)}^T/^ is also a finite positive chain sequence. From the definition (14.ip 
it follows that (14.8j) is equivalent to the inequality 


h{x;cn,cn+i) > qn+i, l<n<N-l, 


(4.9) 


with h defined in (|4.5p . Assume first that qn+i < 1- 

Applying Lemma l4.ll we conclude that with the definitions given in the state¬ 
ment of the theorem, {t)„+i(AAr)}^T/ and {c)n+i(i?Ar)}^T/ are finite positive chain 
sequences, or in other words, condition 6/ of Theorem 14.II holds. 

It is also easy to check that 

(lii’Vl - Cn){Cn - ui"\) = —^L±^(l + cl) 

J- “ Qn+1 

and 

(47 - <=»+i)(ci.+i - 47) = +4+i). 

-L “ Qn+l 

forn = 1, 2,... , A"—1. Since we conclude that < c„, < Cn+i, 

> Cn and > Cn+i for 1 < re < A — 1. Direct calculation shows that the 
values obtained for An and Bn also satisfy part a/ of Theorem 14.11 

Finally, we can use Remark 14.II to conclude that the theorem also remains valid 
when qn+i = 1. □ 
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As it follows from the proof of Theorem I4..SI the smaller the scaling sequence 
{gn+i} is, the tighter the bounds A^r and Bn are. This is easier to observe when 
the measure is real-symmetric (that is, all its Verblunsky coefficients are real and 
all values c„ = 0): in this case 


u 


(-) _ 
n+l 


- Qn+l 


and 


(+) _ 

VI - qn+l ' 


Combining it with Theorem 13.11 we see that for such measures the existence of a 
scaling sequence {qn+i}'^=i such that qn+i < <? < 1, ^ > 1, implies that the measure 
lives inside a symmetric arc and its support has a gap in a neighborhood of 2: = 1. 
Examples of measures with such a property were given in [32] by means of the 
Delsarte-Genin transformation and an additional scaling parameter. 

It is convenient to specify the statement of Theorem [T3] for the case of the trivial 
scaling sequence qn+i = 1, l<n<A^ — 1. Recall that by the definition in Section [H 


±(Cn + Cn+l) >0 ^ Cn+1, 1) = ±00. 


It means that if at least for one n G {1,... , — 1}, Cn + Cn+i > 0, the value of 
Bn in (14.7p is 1; analogously, if at least for one n G {1,..., — 1}, Cn + c„_|_i < 0, 
An = —1. We can restate it as the following corollary: 

Corollary 4.4. In the conditions of Theorem \4.S\ take qn+i = 1, l<n<Ai — 1. 
Then 


(a) If Cn+Cn+i > 0 for all n = 1,..., N—1, then the zeros ofWN Us in {An, 1) and 
the zeros of Rn lie within the open arc A.(0, 2 arccos(A7 v)), with An defined 
in (14.71) . 

(b) If Cn + Cn+i < 0 for all n = 1,..., N — 1, then the zeros o/Wat lie in (—1, Bn) 
and the zeros of Rn He within the open arc A.(2arccos(RAr), 27r), with Bn 
defined in ( 021 ). 

Notice that if Cn -|- Cn+i changes sign, the statement of Corollary 14.41 becomes 
trivial. 

We can formulate a somewhat weaker form of Theorem 14.31 by observing that 
either 

X - Cn\/l - < -\/ qn’^\ 1 <n < N, 

or 

X — Cn\/ 1 — > \jqn’^'^ , 1 < n < A^, 

for X G [—1,1] are sufficient for (14.9p . Here, = q 2 , = niayi{qn,qn+i}, 

2 < n < N — 1 and q^N^'^ ~ These inequalities are equivalent to 

2cot^(0/4) — 2cn cot(6(/4) < (l — (1 -|- cot^(0/4)), 1 < n < A^, (4.10) 

and 

2cot^(0/4) — 2cn cot(0/4) > (l -I- '\/ qn'^'*) (1 + cot^(0/4)), 1 < n < A^, (4.11) 

with X = cos(0/2). With similar manipulations as in the proof of Theorem 14.31 we 
get 
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Theorem 4.5. For N >2, let {qn+i}n=i ® scaling sequence for a finite positive 
chain sequence {dn+i}n=i) {cn\n=i arbitrary finite real sequence. Define 

qi’^^ = q 2 , = max{g„,g„+i}, 2<n<N-l, and = qN, 

as well as 


Cn + \Jcl + {l- 

Ui^n = -- , - and Vi^n = 


1 + 




1 + 




-Cn + VCn + (1 - qn'^"’) 


(4.12) 


If 


A]\f = min 


u 


l,n 


-1 


l<n<N ul^ + 1 ' 


Bj\i = max 


■'l,n 


- 1 


l<n<Af + 1 ’ 


(4.13) 


then the zeros ofWN, generated by (13.2p . lie in {An, Bn) and the zeros of Rn He 
within the open arc 

.4,(2 arccos(ilAr), 2 arccos(4Ar)). 


Remark 4.2. Considering the behavior of the function x — c^Vl — x"^-, the solutions 
for ui^n in Theorem 14.51 are obtained from (jd.lOjl and the solutions for vi^n are 
obtained from (|4.11l) . 

Finally, specifying Theorem 14.51 for the trivial scaling sequence we obtain 


Corollary 4.6. The assertion of Theorem \4.5\ is true if we take 


'^1,71 


H“ Cr? 


and vi^n = 


Cn “1“ \^n 


5 Bounds for the support of the measure 


Now by making n ^ oo and considering appropriate infinite positive chain sequence 
{d„+i}^Q we can combine Theorem 14.31 (for bounds for the zeros of Wn and Rn) 
and Theorem 12.II in order to establish some results about the support of the measure 
/i(0;.) from its (c„, (i„)-parametrization. 

Theorem 5.1. Given the real sequence {cn}^=i and the non SP positive chain se¬ 
quence {dn+i}^=i, let /r(t;.), 0 < t < 1, 6e the corresponding family of positive 
measures (1^ . Let also {(Zn+ij^i be a scaling sequence for {dn+i}'^=i, see Defini- 
tion \l.l[ Set An and Bn as in (021), that is, 


An 


min 

2<n<N 



Bn 


max 

2<n<N 


U 


(+) 



where u 


(±) 


were defined in (11.111) . 


Then 


supp(/r(0; •)) ^ A[di,id 2 ], 


where 


■di = 2 lim arccos(i?Ar); 'd2 = 2 lim arccos(4jv). 

N—^OO N^OO 
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Clearly, in Theorem 15.11 {-Btv} (resp., {^tv}) is an increasing (resp., decreasing) 
sequence, thus the limits exist. 

Theorem ll.ll now is a direct corollary of Theorem l5.ll Indeed, if {c„} and {dn+i} 
are such that 

Un > cot(7?2/2) and Vn < cot(7?i/2), n > 2, 

then by Theorem 15.11 the zeros of Rn, n > 1, stay within Hence, by 

Theorem l2.li the support of the associated measure /r(0;.) also belongs to the closed 
arc A[^i,'d 2 \- This concludes the proof. 

Similarly, with the use of Theorem 14.51 we have the following. 

Theorem 5.2. Given the real sequence {cn\^=i and the non SP positive chain 
sequence {dn+i}^=i, let ia{t;.), 0 < t < 1, be the corresponding family of positive 
measures ()2.5I) . If {qn+i}^=i is a scaling sequence for {dn+i}^=i, define 

Q^i'' = 92, 9n^ = raax{qn,qn+i}, n > 2, 


as well as 







and vi^n 


1 + 



-Cn + VCn + (1 - 9n^) 


Then 

where 


supp(/x(0; •)) ^ A[di,d 2 ], 
cot(?9i/4) = supui^ri and cot('!?2/4) = inf ui^n- 

n>l ’ ^>1 


The following corollary to Theorem 11.11 is a consequence of Corollary 14.41 

Corollary 5.3. Given the set of complex numbers {a„}^Q, where |a„| < 1, n > 0, 
let fi be the nontrivial positive measure on the unit circle for which {an}’^^Q are the 
associated Verblunsky coefficients. Let the real sequence {cn} and the positive chain 
sequence {dn+i} be given by (I2.3h - (l2.4p . 

a) Let Cn + Cn+i > 0, re > 1. For a given 7?2 such that 0 < 792 < 27r, if 

001(792/2) < ^ re > 1 , 

C-n T Cji-|_i 

then the support of fr lies within the closed arc .4(0,792]. 

b) Let Cn + Cn+i < 0, re > 1. For a given di such that 0 < di < 27r, if 

^ -< cot(79i/2), re > 1, 

C-n T 1 

then the support of p lies within the closed arc .4[79i,27r]. 

Using Theorem 15.21 we can also state the following. 
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Theorem 5.4. Given a nontrivial positive measure on T whose Verblunsky coef¬ 
ficients are < ^, n > t), and whose {cn,dn)-parametrization is 

given by (j2.3p - (l2.4p . //is a scaling sequence for {dn+i\n=i’ define 

= 92, 9n^ = raax{qn,qn+i}, n>2. 


For 0 < < 27r, if 


cot(??2/4) < 


Cn “1“ 





and 



< cot(?9i/4), 


for n>l, then the support of fi{0 ;.) stays within the closed arc A[^i,'d 2 \- 

We finish this section providing a proof of Theorem 11.21 stated in the introduc¬ 
tion. 


Proof of Theorem ll.H Let us consider the measure jl obtained from /x by a rotation 
of angle 2tt — 'd 2 - That is, jl{z) = p,{ze~d‘^'^~'^^')). Hence, if /x has a gap in A{'0i,'d2) 
then the support of the measure /x is in ^[0, 27r + — 'i?2]- 

It is known that the Verblunsky coefficients of /x in terms of the Verblunsky 
coefficients /x are given by 

n > 0. 


Hence, if are the OPUC with respect to the measure ft then by Theorem 13.11 
(part b) the zeros of the polynomials 


Rn{z) = 


0^=1 [l ~ z^njz) - (z) 

OLi [l - Re{fj-iaj-i)] z-1 


n> 1, 


lie within the arc .4.(0,27r + x?i — 'i?2)- From the results given in Section [21 fn above 
are such that 


<ho(l) j ~ 4*n(l) ~ 1 fn—idfi—1 

'^0 = T777T = 1 and = ^—= r„_i--^^-, n > 1. 

4 * 0 ( 1 ) 4 >* ( 1 ) 1 - Tn-lUn-l 

Moreover, the sequence {Rn} satisfies the three term recurrence formula 


(5.1) 


Rn+l{z) = [(1 + fcjf+j)z + (1 - ic^n+l)] Rniz) “ 4:d^^llzRn-liz), 


with Ro{z) = 1 and Ri{z) = (1 -|- ic^f^^)z + (1 — where 


c 


(*^2) 

n 


-Im(fn-lQ:n-l) 

1 - Re(f„_iQ;„_i) 


and 4+1 = (1-5'n)9n-hi, 


for n > 1, with 

1 h ~ - |2 

1 1 'Ll—lOn —1 

9n — fT] p ~ ^ ^ 5 n > 1. 

2 [1 - Re(Tn-ian-l)J 

With n > 1, we easily observe that = 4-\^<an-i, n > 1. 

Hence, the coefficients and 4^i ‘^an be given as in the theorem, and the 

recurrence formula (|5.ip for fn leads to the recurrence formula for given in the 
theorem. 

Hence, the theorem follows from Theorem 14.11 □ 
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6 Further results about scaling sequences 


As it follows from our previous considerations, scaling sequences {qn+i} play a fun¬ 
damental role in the expression for the bounds for the extreme zeros. Recall that 
Qn+i = 1 is always a scaling sequence. A natural question is which other constant 
sequences are scaling sequences for the given positive chain sequence. This can be 
answered in terms of the zeros of the symmetric polynomials Wn generated by the 
recurrence relation (j3.2ji with Cn = 0. 

Namely, a direct consequence of Theorem 14.II is the following result: 

Lemma 6.1. Let N > 2 and let be a finite positive chain sequence. Then 

the constant sequence {qn+i = Q}n=i *•5 ® finite sealing sequence for {dn+i}n=i if 
and only if 

q > 

Here, xm,i is the largest zero of the symmetric polynomial Wn obtained from the 
three term recurrenee formula 

>V„+i(x) = xWnix) - dn+iWn-iix), n = 1, 2,..., N - I, 

with Wo(a:) = 1 and Wi{x) = x. 

Applying this Lemma with {dn+i} = {1/4} (That is, Wn are the Chebyshev 
polynomial of the second kind), we can conclude that the largest finite constant 
positive chain sequence of — 1 elements is 

r^(iV-l)|7V-l ^ r_}_'l^-\ 

l4cOs2(7r/(A^-|- 1))/n=l ’ 

this result was already established by Ismail and Li [20] . 

We can extend this statement to infinite positive chain sequences {dn+i}'^=i. 

Lemma 6.2. Let ® positive chain sequence. Then the constant se¬ 

quence {dn+i = q}’^=i is a finite sealing sequenee for {dn+i}^=i if and only if 

q>i'^= lim xl^, 

n—^oo ’ 

where Xn,i is the largest zero of the symmetric polynomial Wn given by the three 
term recurrence formula 


Wn+l{x) = xWn{x) - dn+lWn-lix), U > 1, 


with Wo(a:) = 1 and Wi(x) = x. 


We finish this section with an example of a positive chain sequence that we will 
use in Section [7| For A > —1/2, the sequence 


^(A) ^ ,(A) ^ 1 n(n + 2A + l) 

4(n + A)(n + A + l)’ 


( 6 . 1 ) 


is a positive chain sequence. We have 

= (1 - mn_i)mn = (1 - Mi,n-i)Mi,n, n > 1, 
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where 


n 




2(n + A + 1) 


and 


A^l,n — 


n + 2A + 1 
2(n + A + 1) 


n > 0, 


is the minimal and maximal parameter sequences of respectively (see [7]). 

Observe that for A = —1/2 these parameter sequences coincide, so {d^ is a 

single parameter positive chain sequence. 

Polynomials {Wnj^o generated by yV’o(x) = 1, VV’i(x) = x and 


>Vn+l(x) =xWn{x) - d£^i>V„_l(x), U > 1, 


coincide with the monic ultraspherical (or Gegenbauer) polynomials which 

for A = —1/2 are the monic Legendre polynomials. 

We also have 


1 ,(A) _ 1 A(A +1) 

4~ ^+1 “ 4(n + A)(n + A + l) 


and 

,{-i/2)_,(A) 1 1/4 1 A(A + 1) 

4(n2-l/4) ^4(n + A)(n + A + l) 

n n(X + 1/2)^ + (A + l/2)/2 

_ _ 71 /> 

4 (re2 — l/4)(n + A)(n + A + 1) ’ “ 

Thus, we can state the following: 

Lemma 6.3. Let A > —1/2 and N >2. Then the sequence {[cos(7r/(2iV))]~^d^_^y^^}^T'^^ 
is a finite positive chain sequence such that 


d(A) .^(-1/2) 


n = 1,2,...,A^-1. 


Here, x^'^ is the largest zero of the degree Legendre polynomial. 

Proof. By Lemma [6Tl q is the constant hnite parameter sequence for 

if q > It remains to use that < cos(7r/(2A^)), see [29l Thm. 6.21.3]. □ 


7 Examples 

Example 1 (Geronimus polynomials). Let a £ B, and consider a measure on 
T with constant Verblunsky coefficients, 


On =-^1^1(0) = a, n > 0. 


This case was studied by Geronimus in IS]; it is known (see also m, m and 
[231 P-83]) that for Re(a) + |ap < 0, supp(//(")) = Al[d|c|,27r — d|a|], while for 
Re(a) + |a|2 > 0, supp(^(“)) = Al[d|Q,|, 27 r — d|Q|] U {tCo-}, with 


d|Q,| = 2 arcsin(|a|) and Wa 


1 T CK 
1 + a 


(7.1) 
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Additionally, 




^cos2(6»|„|/2) -cos2(6»/2) 
27r|l + a\ sin((0 — 'dQ,)/2) 


do , 


where 


ta = max 


2(Re(a) + |ap) 

|1 + a|2 



Let Im(a) / 0, and denote := arg(t(;Q,) S (—vr, vr). Consider the measure fi 
obtained by rotating by the angle —^a- 


fi{z) = 


It is well known that the Verblunsky coefficients associated with /r are an = w'^'^^a, 
n > 0. 

The measure /i is such that its support has gaps in (0, 0 |q| — da) and (27r — 6\a\ ~ 
da, 27r). In other words, the support of /r(0;.), see (12.5p . is the arc .A[0 |q,| — da, 27r — 
0\a\ ~ "da]- Since sin(0|„|/2) = |a| and sin(??Q,/2) = (1 + a)/|l + a|, we easily obtain 
that 


cot ((^lai 



^ W 2 ') ^ \/l - lap (l + Re(a)) - |a| Im(a) 

|a| (l + Re(Q:)) + \/l — |q:| 2| Im(o!) 

- |q:| 2 (l + Re(a)) — |a| Im(a)] [|a| (l + Re(a)) + ^/l 
|a|2 (l + Re(a))^ “ (1 “ l®P)l 


q:| 2| Im(Q!)] 


and 


cot ((27r — O^ai — 
[y/1 - lap 


^ W2') ^ v^l - lap (l + Re(a)) + |a| Im(a) 
— |a| (l + Re(a)) + \/l — |ap| Im(a) 
(l + Re(a)) + |a| Im(a)] [|a| (l + Re(a)) + 

— |a|2 (l + Re(a))^ + (1 “ |q^P)I 


a|2| Im(o!)] 


With the observation (l + Re(a))^ + (lm(a))" 


|1 + ap, we can write 


cot ((6»|„| - da)/2) 


and 


— Im(a) (l + Re(a)) + |q:|a/1 — |q:|2 |1 + ap 
(l + Re(a))^ “ (1 “ |q^P)I |1 + 


(7.2) 


cot ((27r - 6»|„| - da)/2) 


— Im(a) (l + Re(a)) — |a| a/ 1 — jap |1 + ap 
(l + Re(a))^ “ (1 “ |q:P)| |1 + a|2 


(7.3) 


In order to apply Theorem 11.11 we need to calculate the values of {cn}’^=i and 
{hn+i}5^Li = {(1 ~5n)5n+i}^i associated with the measure fj,{z) = ^^°‘\waz) using 
(12.31) and (12.41) . From the recurrence relation for given by (12.21) . we easily verify 
that Tn = Wa^, n > 0. From this, 


Cn 


— Im(a) 

1 + Re(a) ’ 


n > 1, 
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and 


dn+l — (1 


1 — \a\ 


1 — \a\ 


(1 — |a:|)^|l + ap 

r2“ ’ 


re > 1. 


2 [l + Re(a)] / 2 [l + Re(a)] 4 [l + Re(a)]' 

Both the chain sequence {dn+i}’^=i and the parameter sequence with 

1 — lap 


9n — 


2[1 + Re(a)] 


re > 1, 


are constant sequences. Thus, from Wall’s criteria (see m pg. 101]) {gn+i}n=o is not 
a maximal parameter sequence if and only if < 1/2, re > 1, or equivalently, when 
Re(a) + |ap > 0, which agrees with the criterion of existence of a pure point (at 
z = 1) in the rotated measure fi. 

Observe that the constant chain sequence is such that dn+i <1/4, 

re > 1. Hence, 

(1 — |a|)^|l + ap 


Qn+l — 


re > 1, 


(1 + Re(a))^ 

is a constant scaling sequence for {dn+i}^=i- Since for re > 1, 

|1 + ap 


CnCn+l T 1 — 


(l + Re(a)) 


2 ’ 


\/(Cn T Cn,+l)^ 4(1 Q'n+l) (CnCn+1 Qn+l ) — \/4^n+l (CnCn+1 T 1 Qn+l ) 


= (1 — |ap)|a| 


11 “h Q^t 


(l + Re(a)) 


4 ’ 


Using the definition (jl.lip and formulas (I7.2p - (l7.3p we obtain that 


'«i+l = \cn,Cn+l,Qn+l) = COt ((27r - -'&a)/‘^) 

= U^~^\cn,Cn+l,Qn+l) = COt ((^loi - 'i?Q,)/2) . 

In other words, the bounds given by Theorem 11.11 are sharp. 

Example 2. Let ^j^g probability measure on the unit circle for which 

the associated Verblunsky coefficients are given by 


a2n — 


bi + ic 
1 + ic ’ 


a2n+i — 


h 2 - ic 
1 + ic ’ 


re > 0. 


Here, 6 i, 62 and c are real, and — 1 < 61 < 1 and — 1 < 62 < 1- 

We can apply the results from [251 Chapter 11] in order to assert that the 
absolutely continuous part of the measure ^(^ 062 ,c) jg ??]“]U.A[i?^, ??^], where 

0 < 1 ?]^ < 1 ?]“ < TT, 27r — = 'i?"''( 61 , 62 , c) and 27r — = d~{bi,b 2 ,c), 

with 

c 2 -bi 62 + (l-5f)V^(l-5|)V2 
+ 1 


d~^{bi, b 2 ,c) = arccos 


and 


1 ? ( 61 , 62 ) c) = arccos 



bib2 - (1 - 6f)V^(i - biy/^ 

+ 1 
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Moreover, the absolutely continuous part of 


IS 


= const V(1 - tjXl - |c^ - hh - ^ + D 

^ ^ |sin6' + c(l-cos6l)| 


From [25] we also have that if 62 + &i >0 then ^ pu ];-0 point at z = 1; 

if 62 — > 0 then ^(^i’ 62 ,c) j^g^g g p^^e point at where 

jm = 

C2 + 1^ C2 + 1- 

Now we consider the polynomials Rn given by ()2.1I) . It follows from parts a) 
and b) of Theorem 13.11 that the polynomial Rn does not have any zeros outside the 
arc A[^i ,'d 2 ]- From part c) of Theorem 13.11 we conclude that there is at most one 
zero of Rn in the arc A[^i if 62 — 61 < 0 , and at most two zeros Rn in ^[ 1 ?^, 1 ?^] 
if 62 — 61 > 0 . 

Let us look now at the (c„,dn)-parametrization of ^(^i’^ 2 ,c)^ g^^^ g^ corre¬ 
sponding bounds for the zeros of Rn- 

From (12.2F T 2 n = 1 and T 2 n+i = n > 0. Hence, by (12.3|) and (12.4p . 


Cn — ( f) C, dn+\ — (1 9n)9n+l-! n, ^ 1, 

where 

1 1 

52n-l = ^(1 - ^l)> 52n = -(l-62), U > 1. 

From Corollary 14.21 we can say that the zeros of Rn are outside the arc 
^(i^dcl), 27r — i^dcD). This is in some sense a sharp result because one of the 
extreme points of ^(i^dcj), 27r — "i^dcl)) coincide with the position of the (possible) 
pure point of g^ gi» 9 (-c)_ Observe that when 6 i = 62 = 6 then also 

coincide with or {b,b,c)]^ 

From Theorem ll.il Isee also Theorem 15.ip we have 


where i9i and i ?2 are such that cot('!? 2 / 2 ) = inf Un+i and cot(i9i/2) = 

l<n<oo 


Clearly, 


(_) a / c 2 + qn+l (+) _ a / c 2 + qn+l 

'-+1 VI - Qn+l ’ VT^ ’ 


sup U„+l. 

1<72<CXD 


To be able achieve any reasonable results from above, one still needs to find a 
dominant chain sequence dn+i such that Qn+i = dn+i/dn+i < 1 , n > 1 , is a scaling 
sequence for {d„+i}. 

In the particular case when 61 = 62 = 6 , we have dn+i = (1 — 6^)/4 and by 
choosing dn+i = 1/4 we have 


u 


(-) _ 
n+1 


Vc2 -|- 1 — 62 

H 


(+) _ Vc2 + 1 - 62 


^n-l-1 ~ 


1^1 


n > 1 . 


This gives the optimal result, where 


i ?2 = 27r — i?’''( 6 , 6 , c) and = 19^(6, 6 , c). 
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When bi = 62 does not hold, then for example when | 6 i| > 1/2, I 62 I > 1/2 and 
6162 > 0, we still have dn+i <1/4. Thus, we obtain for di, 1 ^ 2 , 


cos(^i/ 2 ) = max | + ( 1 +_M (1 + ( 1_^(1 

vc^ + 1 vc^ + 1 J 


and ^2 = 271 — di- 

Example 3. For b = \ + irj, A > —1/2, r/ E M, we consider the nontrivial positive 
measure on the unit circle given by 

= e-'?gsin2(0/2)]^(i0, 


where A > —1/2. 
are 


It was shown in [28] that the associated Verblunsky coefficients 


a 


ib) _ 

n —1 


jP)n 

{b + l)n 


n > 1 . 


As already established in [7], the polynomials {Rn} constructed by ( 12 .Ih satisfy the 
three term recurrence formula (II. 6 p . with 


Cn 


v ^ _ j(A) _ 1 n (n + 2A + 1) ^ ^ ^ 

n + A’ 4(n + A)(n + A + l)’ “ 


Observe that the positive chain sequence {dn+i}^=i appearing here coincides with 
that in (| 6 .ip . corresponding to the ultra spherical polynomials. 

Since supp(/r^^)) = T, the accumulation set of zeros of Rn (as n — 00 ) is the 
whole unit circle. Let us use the results from Section 0] in order to Hnd estimates for 
the bounds of the extreme zeros of iiw for any hxed N >2. 

If A > 0 then dn+i < 1/4, and a hnite positive chain sequence {dn-\-i}n=i 
dominating {dn+i}n=i is 


dn+i = 


1 

4cos2(7r/(A^ + 1)) ’ 


n = l,2,...,lV-l, 


(7.4) 


(see [ 20 ]), which gives us the scaling sequence for {dn+i}n=i 


Qn+l — 


1 n(n + 2A + l) 

cos 2 ( 7 r /{N + 1)) (n + A)(n + A + 1) ’ 


n = 1,2,... ,1V- 1. 


(7.5) 


The results given in Tables [H [2] are obtained as an application of Theorem 14.31 
when the pair (A,r/) are respectively (1,1) and (10,0.01). The information within 
the brackets is to indicate for what value of n the 


min{u^ /\Jl-\- {un ^)^ : 2 < n < 77} and maxIu^’^Vy^ 1 + {u'n'^Y 2 < n < N] 
are attained. For example, the line corresponding to = 30 in Table [1] informs us 



Clearly, in both tables (Pand[2|), 2 arccos(i? 7 v) < &N,i and 2 arccos(A 7 v) > 0n,n 
as expected. 

The sequence in (17.51) is increasing in n, while for 77 > 0 the sequence {cn}n=i is 
decreasing in n. Thus, for h in ()4.9p we have that h{x‘,Cn,Cn+i) < /i(x; Cn-i, c„) for 
— 1 < X < cos('i9/2), where cot('i9/2) = c„. Together with our choice of {(Zn+ij^T/ 
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N 

« 2 aicccos{B]\f) 

~ On,! 

« 2 arccosP^dAr) 

~ dN,N 

10 

0.4639446 

(«h’) 

0.4972376 

5.4352508 

(«So^) 

5.1944808 

15 

0.3198603 

(«S1’) 

0.3499643 

5.7029950 

5.5126714 

30 

0.1653904 

(44) 

0.1855341 

5.9853660 

(^30 ^) 

5.8730792 

50 

0.1005688 

(44) 

0.1141174 

6.1025923 

6.0306959 


Table 1: Information on the bounds for the extreme zeros and of when 

6 = 1 + 1 . 


N 

Ri 2 arccos(ilAr) 

~ ^iV,l 

Ri 2 arccosP^dAf) 

~ dN,N 

10 

1.2564079 

(«i4) 

1.4994620 

5.0247247 

(«So^) 

4.7814017 

15 

0.9620515 

(«!!’) 

1.1898228 

5.3195004 

5.0914664 

30 

0.5731032 

(44) 

0.7410146 

5.7090691 

(^30 ^) 

5.5409545 

50 

0.3746598 

(44) 

0.4949570 

5.9078531 

5.7874076 


Table 2: Information on the bounds for the extreme zeros and of when 

6 = 10 + 10 . 01 . 


we see that in Theorem 14.31 is decreasing in n. This is confirmed from 

the information in brackets in the column associated with ~ 2arccos(^jv) in Tables 
[T]and[2j Therefore, when r; > 0 and A > 0, the extreme zero zjsi^n = of Rf<i 

{N > 2) is such that 


COt(6'Ar,Ar/2) < ^ = 


‘^{cn-ICn - Qn) 


{cn-1 + Cat) + a/ {cN-1 + CAr)2 — 4(1 — qp^){cN-lCN “ Qn) 


where 


1 (iV-1)(1V + 2A) ^ _ T] 

cos2(7r/(A^ + l)) (iV + A-l)(iV + A) “ n + A 


Now, when 0>A>—l/2we have dn+i >1/4 and the choice (17.4p for {dn+i}^=/ 
is not viable. For example, with A = —1/4 and = 10 we have q 2 = d 2 /dS^'^ = 
1.0521448759.... > 1. 

Thus, when 0 > A > —1/2, by considering the results of Lemma 16.31 we choose 
{dn+i}n=i to be 

^ cosa//(2JV)) 4 + 7 '’- ’•=r2.....JV-l. (7.6) 
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With this choice, the results given in Tables [3] are obtained as an application of 
Theorem 14.31 when (A, 77 ) is (—0.25,1). 

With the choice of {dn-\-i}n=i ™ (j7.6p . again we observe that 

where 

1 (n2-l/4)(n + 2A + l) 

cos^{'k/{2N)) n(n + A)(n + a + 1) ’ 

is an increasing sequence as n increase from 1 to — 1. Consequently, we conclude 
that when 77 > 0 and — 1/2 < A < 0, the extreme zero zn,n = of Rn {N > 2 ) 

is such that 


COt(6»Ar,Ar/2) < = 


2{cn-icn — Qn) 


{cn-1 + Cat) + a/ {cn-1 + ctv)^ — 4(1 — qp^){cN-iCN — Qn) 


where 

1 ((iV-l)2-l/4)(iV + 2A) ^ _ 77 

cos 2 ( 7 r/( 2 iV)) (iV-l)(A^ + A-l)(W + A) ^ n + A’ ’ 


N 

« 2 arccos(RAr) 

~ 0n,i 

Ri 2 arCCOs(AAr) 

~ dN,N 

10 

0.1016913 

(«7’) 

0.1991716 

5.6818261 

(«So^) 

5.2285409 

15 

0.0635237 

(«7’) 

0.1358499 

5.8881850 

(«1J) 

5.5600926 

30 

0.0290353 

0.0695512 

6.0885290 

(^30 ^) 

5.9117387 

50 

0.0166939 

(«T) 

0.0421377 

6.1670558 

6.0579734 


Table 3: Information on the bounds for the extreme zeros and of when 

b = -0.25 + 7. 


Acknowledgements 

The first author (AMF) was partially supported by the Spanish Government together 
with the European Regional Development Fund (ERDF) under grants MTM2011- 
28952-C02-01 (from MICINN) and MTM2014-53963-P (from MINECO), by Junta 
de Andalucfa (the Excellence Grant Pll-FQM-7276 and the research group FQM- 
229), and by Campus de Excelencia Internacional del Mar (CEIMAR) of the Uni¬ 
versity of Almerfa. 

The second author’s research was supported by grants 305073/2014-1 and 
475502/2013-2 of CNPq and grant 2009/13832-9 of FAPESP. 

This research also part of the third author’s PhD thesis supported by a grant 
from CAPES, Brazil. 

Part of this work was carried out during the visit of AMF to the Department 
of Applied Mathematics of IBILCE, UNESP. He acknowledges the hospitality of 
the hosting department, as well as a the financial support of the Special Visiting 
Researcher Fellowship 401891/2013-5 of the Brazilian Mobility Program “Science 
without borders”. 


27 
















References 

[1] C.F. Bracciali, J.H. McCabe, T.E. Perez and A. Sri Ranga, A class of orthogonal 
functions given by a three term recurrence formula, Math. Comp., to appear. 

[2] C.F. Bracciali, A. Sri Ranga and A. Swaminathan, Para-orthogonal polyno¬ 
mials on the unit circle satisfying three term recurrence formulas, preprint 
arXiv: 1406.0719. 

[3] M.J. Cantero, L. Moral and L. Velazquez, Measures and para-orthogonal poly¬ 
nomials on the unit circle. East J. Approx., 8 (2002), 447-464. 

[4] M.J. Cantero, L. Moral and L. Velazquez, Measures on the unit circle and 
unitary trunctions of unitary operators, J. Approx. Theory, 139 (2006), 430- 
468. 

[5] K. Castillo, M.S. Costa, A. Sri Ranga and D.O. Veronese, A Favard type theo¬ 
rem for orthogonal polynomials on the unit circle from a three term recurrence 
formula, J. Approx. Theory, 184 (2014), 146-162. 

[6] T.S. Chihara, An Introduction to Orthogonal Polynomials, Mathematics and its 
Applications Series (Gordon and Breach, New York, 1978). 

[7] M.S. Costa, H.M. Felix and A. Sri Ranga, Orthogonal polynomials on the unit 
circle and chain sequences, J. Approx. Theory, 173 (2013), 14-32. 

[8] L. Daruis, O. Njastad and W. Van Assche, Para-orthogonal polynomials in 
frequency analysis. Rocky Mountain J. Math. 33 (2003), 629-645. 

[9] P. Delsarte and Y. Genin, The split Levinson algorithm, IEEE Trans. Acoust. 
Speech Signal Process, 34 (1986), 470-478. 

[10] P. Delsarte and Y. Genin, The tridiagonal approach to Szego’s orthogonal poly¬ 
nomials, Toeplitz linear system, and related interpolation problems, SIAM J. 
Math. Anal, 19 (1988), 718-735. 

[11] D.K. Dimitrov and A. Sri Ranga, Zeros of a family of hypergeometric para- 
orthogonal polynomials on the unit circle. Math. Nachr., 286 (2013), 1778- 
1791. 

[12] D.K. Dimitrov, M.E.H. Ismail and A. Sri Ranga, A class of hypergeometric 
polynomials with zeros on the unit circle: Extremal and orthogonal properties 
and quadrature formulas, Appl. Numer. Math., 65 (2013), 41-52. 

[13] T. Erdelyi, P. Nevai, J. Zhang and J. Geronimo, A simple proof of “Favard’s 
theorem” on the unit circle, Atti Sem. Mat. Fis. Univ. Modena, 39 (1991), 
551-556. Also in “Trends in functional analysis and approximation theory” 
(Acquafredda di Maratea, 1989), 41-46, Univ. Modena Reggio Emilia, Modena, 
1991. 

[14] Ya.L. Geronimus, On the trigonometric moment problem, Ann. of Math. (2), 
4 (1946), 742-761. 


28 


[15] Ya.L. Geronimus, Orthogonal Polynomials, English translation of the appendix 
to the Russian translation of Szego’s book [29], in “Two Papers on Special 
Functions”, Amer. Math. Soc. TransL, Ser. 2, Vol. 108, pp. 37-130, American 
Mathematical Society, Providence, R.I., 1977. 

[16] L. Golinskii, Quadrature formula and zeros of para-orthogonal polynomials on 
the unit circle, Acta Math. Hungar., 96 (2002), 169-186. 

[17] L. Golinskii, P. Nevai and W. Van Assche, Perturbation of orthogonal polyno¬ 
mials on an arc of the unit circle, J. Approx. Theory, 83 (1995), 392-422. 

[18] L. Golinskii, P. Nevai, F. Pinter and W. Van Assche, Perturbation of orthogonal 
polynomials on an arc of the unit circle, II, J. Approx. Theory, 96 (1999), 
1-33. 

[19] W.B. Jones, O. Njastad and W.J. Thron, Moment theory, orthogonal polyno¬ 
mials, quadrature, and continued fractions associated with the unit circle. Bull. 
Land. Math. Soc., 21 (1989), 113-152. 

[20] M.E.H. Ismail and Xin Li, Bounds for the extreme zeros of orthogonal polyno¬ 
mials, Proc. Amer. Math. Soc, 115 (1992), 131-140. 

[21] W.B. Jones, O. Njstad and W.J. Thron, Moment theory, orthogonal polynomi¬ 
als, quadrature, and continued fractions associated with the unit circle. Bull. 
Bond. Math. Soc., 21 (1989), 113-152. 

[22] A. Martinez-Finkelshtein, K.T.-R. McLaughlin, and E.B. Saff, Szego orthogonal 
polynomials with respect to an analytic weight: canonical representation and 
strong asymptotics. Constructive Approximation 24 (3), (2006) , 319-363. 

[23] A. Martmez-Finkelshtein, K.T.-R. McLaughlin, and E.B. Saff, Asymptotics of 
orthogonal polynomials with respect to an analytic weight with algebraic sin¬ 
gularities on the circle. IMRN (2006), Art. ID 91426, 43 pp. 

[24] B. Simon, Orthogonal Polynomials on the Unit Circle. Part 1. Classical Theory, 
Amer. Math. Soc. Colloq. Publ., vol. 54, part 1, Amer. Math. Soc., Providence, 
RI, 2005. 

[25] B. Simon, Orthogonal Polynomials on the Unit Circle. Part 2. Spectral Theory, 
Amer. Math. Soc. Colloq. Publ., vol. 54, part 1, Amer. Math. Soc., Providence, 
RI, 2005. 

[26] B. Simon, “Szego’s Theorem and Its Descendants: Spectral Theory for I? per¬ 
turbations of Orthogonal Polynomials”, Princeton Univ. Press, Princeton, 2011. 

[27] C.D. Sinclair and J.D. Vaaler, Self-inversive polynomials with all zeros on the 
unit circle, in Number Theory and Polynomials (J. McKee and C. Smyth, eds.), 
London Mathematical Society Lecture Notes Series, vol. 352, Cambridge Univ. 
Press, 2008. 

[28] A. Sri Ranga, Szego polynomials from hypergeometric functions, Proc. Amer. 
Math. Soc., 138 (2010), 4259-4270. 

[29] G. Szego, Orthogonal Polynomials, 4th ed., Amer. Math. Soc. Colloq. Publ., 
vol. 23, Amer. Math. Soc., Providence, RI, 1975. 


29 


[30] H.S. Wall, Analytic Theory of Continued Fractions, D. van Nostrand, 1948. 

[31] M.L. Wong, First and second kind paraorthogonal polynomials and their zeros, 
J. Approx. Theory, 146 (2007), 282-293. 

[32] A. Zhedanov, On some classes of polynomials orthogonal on arcs of the unit 
circle connected with symmettric orthogonal polynomials on an interval, J. 
Approx. Theory, 94 (1998), 73-106. 


30 


